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On Hermite-Hadamard-Fejér type inequalities
for convex functions via fractional integrals

ABDULLAH AKKURT AND HUSEYIN YILDIRIM

ABSTRACT. In this paper, we have established some generalized integral
inequalities of Hermite-Hadamard-Fejér type for generalized fractional
integrals. The results presented here would provide generalizations of
those given in earlier works.

1. INTRODUCTION

Let f: I C R — R be a convex function define on an interval I of real
numbers, and a,b € I with a < b. Then the following inequalities hold:

b
1) Fegt) < o [ @ ae < LOEI0),

It was first discovered by Hermite in 1881 in the Journal Mathesis. This
inequality (1) was nowhere mentioned in the mathematical literature untill
1893. In [4], Beckenbach, a leading expert on the theory of convex functions,
wrote that the inequality (1) was proved by Hadamard in 1893. In 1974,
Mitrinovi¢ found Hermite and Hadamard’s note in Mathesis. That is why,
the inequality (1) was known as Hermite-Hadamard inequality. We note
that Hermite-Hadamard’s inequality may be regarded as a refinements of
the concept of convexity and it follows easily from Jensen’s inequality. This
inequality (1) has been received renewed attention in recent years and a
remarkable variety of refinements and generalizations have been found in
[4-[16], [18], [20].

The most well known inequalities connected with the integral mean of a
convex functions are Hermite-Hadamard inequalities or its weighted versions,
the so-called Hermite-Hadamard-Fejér inequality.

In [10], Fejér established the following Fejér inequality which is the weighted
generalization of Hermite-Hadamard inequalities (1):
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Theorem 1.1. Let f : I — R be a convex on I and let a,b € I with a < b.
Then the inequality

M)/bg(w)d —a/f x)dt < (a);_f(b)/bg(:c)d:):

holds, where f : la,b] — R is nonnegative, integrable, and symmetric to
a+b

2

In [11], Sarikaya et al. represented Hermite-Hadamard’s inequalities in
fractional integral forms as follows.

Theorem 1.2. Let f : [a,b] — R be a positive function with 0 < a < b and
f € Lla,b]. If f is a convex function on [a,b], then the following inequalities
for fractional integrals holds

ORI O

with o > 0.

fla) + f(b)
5

[Ja+ F(0) + Jp- f(a)] <
In [5] Set et. al. obtained the following lemma.

Lemma 1.1. Let f : [a,b] — R be a differentiable mapping on (a,b) with
a<bandletg:|a,b —R. If f', g € L[a,b], then the following identity for
fractional integrals holds:

F3) a0 oyt
@ ;
=y @@+ Ty (0 0)] = / K

where
.

2

Z
/

(b—5)lg(s)ds, te [a +b b] .

We give some necessary definitions and mathematical preliminaries of
fractional calculus theory which are used throughout this paper.

Definition 1.1. Let h(x) be an increasing and positive monotone func-
tion on [0, 00), also derivative A’ () is continuous on [0,00) and h (0) =
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The space X¥ (0,00) (1 < p < 00) of those real-valued Lebesque measurable
functions f on [0, 00) for which

5) 1fllxp = | [ 1500 @at) <o 1<poc
0
and for the case p = 0o
(6) 1fllx = ess sup [FOH ()]
1<t<oo

Definition 1.2. (|6]). In particular, when h (z) =z (1 < p < c0) the space
X7 (0,00) coincides with the Ly[0, c0)—space (HfHX;o = ||f]|,,) and also
k+1

+1

if we take h(x) = Z (k > 0) the space X} (0,00) coincides with the
L, 1[0, 00)—space.

Definition 1.3. ([1]). Let (a,b) be a finite interval of the real line R and
a > 0. Also let h(z) be an increasing and positive monotone function on
(a,b], having a continuous derivative i’ (z) on (a,b). The left- and right-
sided fractional integrals of a function f with respect to another function

h on [a,b] are defined by

M (Fepd) @ = gy [ @ = RO TR O£ 2> a

and
(8) (J;f‘_ hf) () == 1 /b [h(t) —h ()] K () f(t)dt, = <b.
! I'(e) Jo
Definition 1.4. If we take h(z) = z, then the equalities (7) and (8) will be

xT

) (Ue0) @) = gy [(@= 07 p0)at. @ >
and )

1 b
(10) (D @) = g [=or o b> o

xT

These integrals are called left-sided Riemann-Liouville fractional integral
and right-sided Riemann-Liouville fractional integral respectively [1]-[3], [6],
[17].

In this paper, we have established some generalized fractional integral
inequalities. The results presented here would provide generalizations of
those given in earlier works.
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2. MAIN RESULTS

Lemma 2.1. Let f : [a,b] — R be a differentiable mapping on (a,b) with
a<bandletg:lab — R If f', g € XI[a,b], then the following identity
for fractional integrals holds:

{J% \y-o(hla) + J(aawgm(b))}

- [JC: - (95 (R (@) + T g (70 ) <b>]

(11) 2 2
b
1
-t / B ()
where
[ s = ntan o sas, te o 50,
Et)=¢

Proof. 1t suffices to note that
b

1= / k() df(h(1))

a
a+b

- / ( / (h(s) - h<a>>a1g<s>h’<s>ds) af(h(t))

a a

b t
a—1 /
+/ (/(h(b)h(s)) g(s)h (s)ds) df(h(t))

a+b b
2

=1 + I
By integration by parts, we get

a+b
2

I = / ( / (h(s) - h(a))alg@)h’(s)ds) df(h(t))

a a

a+b
2

- ( [ ) - h(a»alg(s)h'(s)ds) F(h(t))

a a
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Multiplying the both sides (I' (@)™, we obtain (11) which complates the
proof. O

Remark 2.1. If we choose h(z) = z in Lemma 2.1, then the inequality (11)
reduces to (1.4).

Remark 2.2. If we choose h(z) =z, g(z) =1 and @ = 1 in Lemma 2.1, we
obtain Lemma 2.1 in [21].

Theorem 2.1. Let f : I — R be a differentiable mapping on I° and f' €
XPla,b] with a < b and g : [a,b] — R is continuous. If |f'| is convex on
[a,b], then the following inequality for fractional integrals holds:

a+b « @
7 (h (252)) [ e >>+J(a+b)+g<h<b>>]

oy wx Gom@ s o x o)

. (=£) (£2)
12
1911 oo are oo (S ()t
< ol {|f’ (h(a)| [“W (h(8) — h(a)
h(&t2)—p(a))ot+2
I (h(@))] “’J”}
(h(m)—h(a))a+2 ||gHXoo atb 4l o
+[f" (h(b))] |:2a+2:| } + (h(b)—};z([aﬁ(o]z—i-l)
h(b)—h(2E2))ot! h(b)—h(2E))o+2
. {|f’ (h(v)) [W (h(5) — h(a)) — PO
h(b)—h(2EL))o+2
17 ] O
with o > 0.

Proof. If | f'| is convex on [a, b], we know that for ¢ € [a, D]

7 (h())]
(M =h), (D)~ hla)
= |/ <h<b> - h(a)h( ) Ry = h<a>h(b)>‘
h(b L =ha)

From Lemma 2.1, we have

700232 [ <h<a>>+Jga2+b)+g<h<b>>]
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— I - (g (Foh) (@) +T% 1+ (g (foh)) ()
{ b) (=5*) H

[hs) = @y tgsin's)as

— h(s)* Lg(s)h (s)ds||f !
T / b/(h(b) h(s))* Lg(s)h(s)ds| |f <h<t>>¢h<t>dt}

|/ (h(®))] M (t)dt

t

/ (h(b) — h(s))>~ 1/ (s)ds

b

9l xpepest oo |
T ) = h(@)T (a) { /

a+b
2

x (h(b) = h(t) | (h(a))]) W (t)dt

(h(t) a) | f' (h(b))|) ’(t)dt}.

lolyopoesie | F
9l e fo,022), { [ (0t6) = @)® () — bo) | ()] W )

_l’_

o
w‘t\@

/ (h(b) — h(s))* 10 (s)ds
b

= ) —h@)T(a+1)

+ / (h(t) = h(a)* T | f (h(b))h’(t)dt}

HQH sofath b
* (h(b) — = a+1 {/ N (h(a))| K (t)dt
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b
+ /(h(b) = h()*~" (A(t) = h(a) | £ (h(b))]) h’(t)dt}

1911 x 22 [0, @40] o ,
= ()~ h(a) T <a+1>{‘f (h{e)
(h(#52) — h(a))*?
oa+2

+ £ (h(b)))

(h(%$h) — h(a»a”] }

+

HgHXﬁo[“TH’,b],oo {’f/ (h(v))| [(h(b) — h(%42))et

(h(b) —h(a)) T (a+1) a+1
(h(b) = h(“5%))*"> (h(b) — h(%32))*+?
- = £l | [ a2 ] }
This completes the proof. O

Remark 2.3. If we choose h(x) = = in Theorem 2.1, we obtain Theorem 6
in [5].

Remark 2.4. If we choose h(z) = z, g(z) =1 and a = 1 in Theorem 2.1,
we obtain Theorem 2.2 in [21].

Theorem 2.2. Let f : I — R be a differentiable mapping on I° and f' €
X7 la,b] with a < b and g : [a,b] = R is continuous. If |f'|? is convex on
[a,b], ¢ > 1 then the following inequality for fractional integrals holds:

a+b « o
FO(E) [T -0 + Ty o 00)]
- [J(%;b)_ (9% (F o) (@) + T (9% (F o 1) <b>]

ol =520 (h (242) - h<a>> q
= PR {17 (@)
137 [(h(b) ~ b)) T () ‘ |
y [(h(a;b) — h(@))*! (h(b) — k(@)  (h(*5*) — h(a»a”]

a+1 a+ 2

P RO () = )+ }3
o+ 2

1—
ol (mb)—h(b)) (7 (o)
[(h(b) — h(a))]7 T (o)
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y [(h(b) — W)™ (h(b) — hla)) _ (h(b) - h(“;b»a”]
a+1 o+ 2

_ a+b\\a+2 %
+}f’<h<a>>!q[(h(b) MET ” .

with o > 0.

Proof. It | f'|* is convex on [a, b], we know that for ¢ € [a, b]

(o | (RO, b B, [
ool = (h(b)—h(a)’“ o= <a>h(b’>

h() ~ o KO

< ) i) 17 N+ gy 17 O

|, it follows

From Lemma 2.1, power mean mequahty and the convexity of | f/
that

-0 + T (00

Fesay 07 01) @)+ Ty s 07 0 1) 0)

1-1/q
' (t) dt)
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a+b
2
X /
a

1-1/q
||g|’XEO[“T+”,b],oo Al a—1z7/ /
» 0L (/ b/(h(b)—h(s)) W (s)ds| 1 (1)dt

1/q
| (h())|* 1 (t)dt }

[ns) = @)t s)as

1/q
b| ¢
X (/ /(h(b) — h(s))a_lh’(s)ds |f’ (h(t))}qh’(t)dt .
b

x (h(b) = h(t) | f (h(a))|") K (t)dt

1
q

(h(t) — h(a) |7 (hB))]") h’<t>dt}
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Hngoo[ b g cc (h(b)-h(ﬁ))l”"
[(h(b) — h(a))]s T (a) (a+1)
(h(b) = h(%52))*** (h(b) — h(a))
a+1

(h(b) — h(“$2))>*?
« —|— 2

_ a+by\a+2 %
I \q[(h(b) ahii)) ” .

Remark 2.5. If we choose h(z) = = in Theorem 2.2, we obtain Theorem 7
in [5].

Lemma 2.2. Let f : [a,b] — R be a differentiable mapping on (a,b) with

a <bandletg:la,b) —R.If f, g € X7 [a,b], then the following identity
for fractional integrals holds:

{f (h(%5%)) [—J;ﬁg(h(b)) — Jy-g(h(a))

T o0 (B) + T, (@)

b
o / (h(s) - h<a>>a1g<s>h'<s>ds}
(14) I8 (g (FoR) () 4+ I (g (f o 1)) (a)
s (1701 () = Ty~ (97 01) (0

b
= £y | HO )
where ’
100 = h@yet = (h(e) = hiye!
+ (h(s) = ha)* gl (s)ds b€ [a, 252
k() =
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Proof. 1t suffices to note that

b
1= / k(1) df(h(t))

+(000) = h(@)* o ()as b (1)
=1+ I
By integration by parts, we get

a+b
2 t

= / {/ [(h(5) = h(a))™ ™ = (h(b) = h(s))*!

+ (h(s) - h(a))a—l]g(s)h'(s)ds}dﬂh(t))
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a+b

and similarly
b

I = / {/t[(h(b) — ()™ = (h(s) = h(a))*™!
b

a+b

+ (h(b) - h(a))a1}g<s>h'<s>ds}df<h<t>>
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Thus, can write

L+ 1=T(a) {f (h (2£2)) [—Jgag(h(b)) — J2 g(h(a))

1 N _ a—1 /
o / (h®) ~ hla)*g(s)1(s)ds
1 b
+ a7 [ () = k@) g (5)as
FI (g (F o) (@) + T2 (g (o) (0)
Ty (9 (F o) (@) = Ty (g o) 0)
(=2 (=)
1 7 a— /
- g | O =B a0 f ) 1)
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Multiplying the both sides (I' ()™

, we obtain (14) which completes the
proof.

U
Remark 2.6. If we choose h(z) = z in Lemma 2.2, we have
{708 | =200 = T 0@+ T 00 + 07 -0l

—a a—1 b
Lo F(i) / g(s)ds] + J2 (9f) (0) + T3 (9f) (a)

I'(«)
, b
-t / k() df(2)
where
[(b—a)* ' = (b—s)*""+(s—a)* ] g(s)ds, te [a a ; b}
k(t) =

[(b— ) —(s—a) 4+ (b— a)o‘_l] g(s)ds, te [a ;_ b, b} )

Remark 2.7. If we choose h(z) = z and g(z) = 1 in Lemma 2.2, we have

{f (2t2) [(b —a)° <1 + é (;a - 2))] I F(b) + T2 ()

b
@ o (b_ a)a—l
oy ) = T F(a) - / f(t)dt}

I'(a)

where
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Remark 2.8. If we choose h(z) =z, a = 1 and g(z) = 1 in Lemma 2.2, we
obtain Lemma 2.1 in [21]

+

2 1

=(b—a) </tf (ta+ (1 —t)b)dt+/(t— 1) f'(ta+ (1 —t)b)dt).

0 1
2

Theorem 2.3. Let f : I — R be a differentiable mapping on I° and f' €
X7 la,b] with a < b and g : [a,b] — R is continuous. If |f'| is convex on
[a,b], then the following inequality for fractional integrals holds:

{f (250) [ Jovg(b) — Jytg(a) + J?m)w(b)

_ b
st -gl) + 1/g(s)ds}

+ g (9f) (0) + T (9f) (a) — Tlagry+ (9F) (b)

with o > 0.

Proof. If | f'| is convex on [a, b], we know that for ¢ € [a, D]

—a b— —a
£l =1 (t at = ab) <2l @)+ )
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From Remark 2.6, we have

{f (%°) [—J3+9(b) = I 9(0) + Tusny+9B) + T - 9(a)

/b ds] + J3 (gf) (0) + Jp= (gf) (a)
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t
1911 [a, 221 o

< (b_aﬂ{bm) / / [(b—a)* L — (b— $)° 1 + (s — a)*] ds

a a

x ((b—t)|f (a)| + (t —a) | f (b)]) dt

Nl rass oo (7
s [ [ 1= o = o

This completes the proof. O
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